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1. Introduction

Polyakov’sapproachto the computationof quantumscatteringamplitudes
in the bosonic string theory admits a nice geometricinterpretationin terms
of integralsoverthe moduli spaceof Riemannsurfaces[1]. One expectsthat
superstrings(stringswith boseandfermi degreesof freedom)canbe dealtwith
in asimilarway by introducingasuitable~2-gradedanalogof aRiemannsurface.

Physicalarguments[51suggestthat the specificationof a “super Riemann
surface”shouldinclude:

(i) anordinaryRiemannsurfaceX;
(ii) a spin structureon X;
(iii) a setof gravitino fields on X.
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A convenientgeometricsettingfor dealingwith structuresof this kind is pro-
vided by the Berezin—Leftes—Kostantgradedmanifolds (or supermanifolds).If

oneconsidersa (1,1) dimensionalcomplexanalyticgradedmanifold (X,L3x),
then (X, (Bx)o) isjust an ordinaryRiemannsurface;(B~)~is in generala line
bundleover X, and one can require that it is a spin structureon X. In order
to accommodatethe lastdatum, i.e. a set of gravitino fields, onecan in a sense
considera.famil.v ofsuperRiemannsurfaces,alsocalledSUSY-curve[12,1 3].

The studyof the geometryof theseobjectsinvolves the extensionof several
constructionswhich areencounteredin the usualtheory of Riemannsurfaces.
We centerour attention on somefactsconcerning(relative) line bundlesover
SUSY-curves;in particular,wedealwith theextensionof two results:the Gauss—
Bonnet theorem,and the fact that a holomorphic line bundle on a Riemann

surfaceis flat if andonly if its Chern classvanishes.This is done in two steps:
the first, which is dealtwith in the presentpaper,is the generalizationof these
results to the caseof a family of ordinary Riemannsurfaces;the seconddeals
with the gradedcase,andforms the objectof the following paper [3].

It shouldbenoticed thatsomematerialwe presentherecanbefound in some
classicalworks by Mumford and others; however, the techniquesusedthere
are quite different from thosewe employ here,which reduceto somecomplex

geometryandbasichomologicalalgebra.Thismakestheextensionto thegraded
settingquite straightforward.

Let usdescribebriefly the contentsof this paper.After a cursorypresentation
of the basicdefinitions,we developin section2 the notionsof relativedeRham
theoryandof fiberwiseintegrationovera family of smoothmanifolds;a relative
Serreduality for familiesof complexanalyticmanifoldsis alsostated.In section3
weintroduce,basicallyfollowing Grothendieck[7,81, thenotionsof Picardsheaf
andrelativePicardgroupof a family of complexmanifolds;also the conceptof
Chern class finds a natural generalizationto the relative context. A relative
flatnesspropertyis stated,and it is provedthat a sectionof the Picard sheafis
flat if andonly if its relativeChernclassvanishes.Moreover,we show that the
relative Chernclasscan be representedin termsof the fiberwise integral of a
curvatureform.

The main resultsof this paperandof the following onewereannouncedwith-
out proofs in ref. [2]. The gradedversion of someof them alreadyappeared
in ref. [6]; however,the transitionfrom the absoluteto the relativecaseis not
obtained—asthereclaimed—simplyby replacingthesheafcohomologyfunctor
with the higherdirect imagefunctor. Indeed,the categoryof families of graded
manifolds is essentiallydifferent from that of singlegradedmanifolds [14,17].
Also, the definition of relative flatnessas given in ref. [6] seemsto be inad-
equate,and doesnot allow for a satisfatorydiscussionof the validity of the

flatnesstheoremfor SUSY-curves.
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2. Families of smooth and complexanalytic manifolds

2.1. PRELIMINARIES

We shalldenoteby (X,Ox) a complexanalytic manifold, andby (X,C~)a
realdifferentiablemanifold,whereCx is thesheafof C-valuedsmoothfunctions
on X. All manifolds will be assumedto be connected.Every n-dimensional
complex manifold determinesan underlying 2n-dimensionalreal manifold; if
(z1,..., z,~)are local coordinatesin (X, Ox), then (z1,. . . , Z~,±1,.. . , ±,~)are
local coordinatesfor (X, Cx).Weshallusethe notation(X, R~x)interchangeably

for a real or complex manifold, denoting in either casethe local coordinate
systemsby {z1}. ThesheafDerX is the sheafofderivationsof l~x,andQ~is the
sheafof differentialsof l~x,i.e. the Rx-dual moduleof Ver X; thesearelocally

free, andanylocal coordinatesystem{Z~}induceslocalbases{3/aZ,} of DerX
and {dZ1} of Q~.The correspondingvectorbundlesare thetangentbundleTX
andthecotangentbundle T*X, respectively.Fromthe inversefunctiontheorem
oneobtainsthat a set {zj of sectionsof Rx is a local coordinatesystemaround
x e X if and only if the differentialsof thosesectionsat x, i.e. the elements
{ dxZi}, area basis for T~X.

A manifold morphism ~t : (X, R.~)—~ (Y,~Ry) is said to be a submersion

if for all x ~ X the inducedmorphism~ : T(X) Y —~ TX is injective, or,
equivalently, if for all x E X thereare open neighborhoodsU of x and V of
ir(x), with m(U) c V, such that (1) the naturalmap ~r’~: 7~y(V)—~ Rx(U)
is injective; and (2) everycoordinatesystem{w1} in V canbe completedto a
coordinatesystem{w,, Z1} in U.

The morphismit: (X, R~)—p (Y, l~y)is said to beproper if it is suchin the
senseof topological spaces;flat if it~Rxis a flat sheafof Ry-modules.In the
complex analyticcase,if it,~Oxis coherent(which for instancehappenswhen
it is propervia Grauert’scohomologybasechangetheorem)the flatnessof it

implies that ~ is locally free overQy.
For all y E Y, the fiber X~1,= ir’ (y) ofa propermorphism it is a compact

space,which is endowedwith a manifold structuregiven by the structuresheaf

= (7~x/fft~)~
7~XIx~®(7~~)~k(y),

where~ is theidealofl~xgeneratedby theinverseimageof m~herem~denotes
the maximal ideal of (iZy )~,andalso the naturallyassociatedsheafof idealsof
iZy. Moreover,k(y) is the residualfield aty, i.e., k(y) = (R~y)y/my C. The
manifold (X~,7~x~)canalso be regardedas the fiberedproductX Xy {y}.

We say that a morphism it : (X, R~~)—~ (Y,Ry) hasuniversallyconnected
fibers if it,~1~x l~y;this implies indeedthat all fibers X~areconnected,and
that this propertyis preservedunderany changeof the basis (Y, ‘Ry).

Afamily ofmanifolds is apropersubmersionit: (X,lZx) —~ (Y,lZy). In the

complexanalyticcasewealsoassumethat it is flat andhasuniversallyconnected
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fibers. The relativedimensionof the family is the numberdimX — dim Y,which
correspondsto the dimensionof eachfiber. A complexanalyticfamily of relative
dimension1 is calledafamilyofRiemannsurfaces.A relativecoordinatesystem
is a local coordinatesystem{w1, Z1} on X such that {w1} is a local coordinate
systemon Y.

If it: (X, O~)—~ (Y,Oy) is a family of complexmanifoldsof relativedimen-
sion n thereis a vanishingtheoremR”~it~Ox= 0 for all k > n, whereRkit~
denotesthe kth higherdirect imagefunctor associatedwith it~.

A morphismoffamiliesbetweenit’: (X’, ‘Rx) —* (Y’, ‘Rye) and it: (X, ‘Rx)
(Y,R,y)—which we shallbriefly denoteby f: (X’/Y’) —* (X/Y)—is a pair

ofmorphismsf: (X’,’Rx~)—* (X,’Rx) andf’: (Y’,’Ry’) —~ (Y,R,y)suchthat
the following diagramcommutes:

(X’,’Rx) ~ (X,’Rx)

(Y’,’Ry’) (Y~,1Zy)
p

The sheafofrelativederivationsof a family it : (X, R~x)—~ (Y, ‘Ry), denoted
Der (X/Y), is the subsheafofDerXwhoseelementsvanish on ‘Ry, that is, the
following exactsequenceholds:

0—~Ver(X/Y)—~DerX-—~it
tDerY—*0.

ThedualmoduleofDer (X/ Y),denotedQ,~
1~,is thesheafofrelativedifferentials

of the family, andonehas anexactsequence

0 ‘it~Q~ ‘~ ‘~Q~y 0.

Any relative coordinate system {w1, Z1} induces local bases {3/0z1} of

Der (X/Y) and {dZ1} ofQ~1y.
For every fiber X~= it~ (y) thereare identifications

(Q~/y/~yQ~/y)l~~~xiyIx ®(~y)y k(y),

namely,the differentialsof the fibers canbe obtainedfrom the relativediffer-
entialsby restrictingto the fibers andtaking values;in this sense,if {w,, Z1} is
a relativecoordinatesystemon the family, the {dZJ}’s are a localbasisfor Q,~,
and{z~}is alocal coordinatesystemfor the fiber.

A family it : (X, Cx) —* (Y,Cy) of real manifolds is saidto be orientableif
the relativecotangentbundle—namely,thevectorbundleassociatedwith thelo-
cally free module�47~—isorientable,which amountsto sayingthat the highest

exterior powerof ~ hasa global nowherevanishingsection.Intuitively, this
meansthatall fibers areorientablein a compatibleway. A family of realmani-
folds whichunderliesa family of complexmanifolds is orientable,andcarriesa
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canonicalorientation,exactlyin the sameway as the real manifold underlying
acomplexmanifoldis canonicallyoriented.

2.2. RELATIVE DE RHAM THEORY

Let it: (X, Cx) —~ (Y,Cy) bea family of real manifoldsof relativedimension
m;wedenoteby Q~7~, thekth exteriorpowerofQ~~ overCx,andcallrelativek-
formsits sections.Theexteriordifferentiald : Cx —* Q,~induces,by composition
with the projectionp : —~ ~ a relativedifferentialwhosekernel is it~Cy
by definition. By extendingin theusualway to the exterioralgebra,oneobtains
arelativedifferentialdr : —~ ~ for all k > 0, whichmakesthe following
diagramcommute:

r)ki d r)k

(2.1)
Qk1 Qk
x~y dr x~v

On the otherhand, the relativedifferential inducesin eachfiber adifferential
operatorwhich coincideswith the ordinaryexteriordifferential.

We denoteby Z~{~1.the sheafof closedrelativek-forms, i.e. the kernelof the

morphismdr : Q~},—f Q,~j);in particular,Z~, ~ A “relative Poincaré
lemma”holds,that is, the following sequenceof sheaveson X is exact [4,18]:

__ d, d, dr m __

0 it Cy “Cx ‘~x~y “~~‘ ‘QXI y 0. (2.2)

So onehasan acyclic resolutionof the sheafit
1Cy.

Definition 2.1. The relativede Rhamsheafof degreek is the sheafover Y

DRk itsZ~
1yxIY—d ,—~k—i~

Urit*~~/y

Equivalently,DRkXIYis the sheafassociatedwith the presheaf

4 ~(it’(V)

)

/ . (2.3)
d~Q~7~(ir’ (V))

Thus,DR~1~is the kth cohomologysheafof the complexof sheavesoverY,

0 it*it~Cy it*Cx ~+ ... ~÷ it~Q~y.

If Y reducesto a point, Y = {y}, thenF(Y,DR~7y)is the ordinarykth de
Rhamcohomologygroupof X.
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Proposition 2.2. For eachk > 0 there is a canonicalsheafisomorphism

DR~.7~~

Proof Givena resolution.T of the sheafit’Cy, thereis acanonicalmorphism

~ (abstractde Rhamtheorem);applying this to the

resolution(2.2), oneobtainsa sheafmorphismDR~1~—p ~ In order

to prove that thisis bijective,we canrestrictto the stalks, thusgetting

F(X~,4 ~)
(DR~/y)y~d X Qk_i (Rkit~it_lCy)~~Hk(X~,it_tCy).

y~ x/Y)

Thecorrespondingmorphismbetweentheright-handsidesis bijectiveby the de
Rhamtheoremfor sheafcohomology,in thatthe sequence(2.2),whenrestricted
to X,, yields an acyclic resolution.

Quiteobviously, if Y = {y}, proposition2.2 reducesto the ordinarydeRham
theoremfor X.

We nowwishto investigatethe relationshipoccurringbetweenthe relativede
Rhamcohomologyof a family and the ordinaryde Rhamcohomologyof the
total spaceX.

Lemma 2.3. There is a commutativediagramofC-modules

F(X,4) Hk(X,C) F(Y~Rkit~C)

I
T(Y,1t*4/y) T(y,DR~) “~ F(Y,Rkit~it_lCy)

Proof Let usconsiderthe squareon theleft; in view of the definition of relative
differential, for anyopenV c Y thereis acommutativediagram

Q~
1(it’(V)) d 4(it’(V)) dQ~’(it~(V))

d ____ ____________Q~
7~(it’(V)) ‘ 4/y(it

1(V)) d Qk_l(it_1(V)
r x/y’ ‘

which yields acommutativediagramof presheaves.Oneconcludesby passing
to the associatedsheavesin thebottomline andtaking global sections.
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The squareon the right is inducedby the diagram
~‘k/d k—I _____ kit~ x/”7~ x it,~

I ; (2.4)
DR~.

1~ Rkit~~~Cy

hereit~4/dit~Q~~’is the quotientpresheaf,andthemorphismin thefirst line
is the canonicalmapto the associatedsheaf.So, it is enoughto provethat the
diagram (2.4) is commutative,andthis in .turn canbe provedby restrictingto
the stalks.Onethenconsidersthe commutativediagram

0 C

I
0 it~Cy

appliesthe direct imagefunctor it~,andtakescohomology,thusobtainingdia-
gram (2.4) with thepresheafin theupperleft cornerreplacedby thecorrespond-
ing sheaf;the resultwearelookingfor follows by composingwith the canonical
morphismmappingthe presheafto the sheaf.

2.3. FIBERWISE INTEGRATION

Relative forms of top degreeon a orientedfamily of real manifolds it

(X, Cx) —~ (Y,Cy) canbeintegrated“along the fibers” to yield afunctionon the
basespaceY. Moreprecisely,if the family hasrelativedimensionm, fiberwise
integrationis a sheafmorphismf :it~Q~y~Cy,

x/ Y

definedas follows: if w is a sectionof it*Q~y,for all y in thedomain of w one

denotesby th~,eF(X~,Qj~) the imageof the germw~E F(X~,Q,~~);then

(f w)~y)=f
xiy

Theintegralon theright-handsideis theusualintegralovera compactorientable
manifold, andthe fact that the left-handsidedependsdifferentiablyon y can
be checkedin local coordinates.If Y = {y}, fiberwise integrationreducesto
ordinaryintegrationoverX.

Proposition 2.4 (Stokestheorem). For anysection t of it~Q ~
1onehas

f
x/Y
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Thus,fiberwiseintegration inducesa morphism

f :DR~/y~Cy. (2.5)
X/ y

Proof In view of the definitionsof fiberwiseintegrationandrelativedifferen-
tial, the first assertionreducesto Stokestheoremin each fiber. Then onehas
a morphismfrom the presheaf(2.3) into Cy, andoneconcludesby factorizing
throughthe associatedsheaf.

Proposition2.5. Themorphism(2.5) is bijective.

Proof The demonstrationis the sameas in the absolutecase[16], for the func-
tions on Y areconstantas far as fiberwiseintegrationis concerned.*l Indeed,
the family beingorientable,themorphismfx/y is not zero, i.e., thereis a rela-
tive m-form W suchthat fx/Y w ~ 0. Onehasto prove that the class [W] is a
generatorof DR~1~,in the sensethat for anyothersection(0’ of ~ there
aresectionsf of Cy andr of it~Q57/~suchthat (0’ = fw + drt. This fact is
first provedlocally on a coordinatecover(so that it reducesto the caseY =

X = ~~>< C, whereC is acompactorientablemanifold) andthenglobalizedby
meansof a partition of unity argument.

Fiberwiseintegrationcanbeusedto introducearelativePoincaréduality. One
first definesa Cy-bilinearsheafmorphism

~ ®cy Rk’it~it_iCy_~ ~ (2.6)

in the following way: Rkit~it ‘Cy is the sheafassociatedwith the presheafV
Hk(it’ (V), it’Cy); amorphismlike (2.6) isdefinedatthelevelofpresheaves
as the cupproduct,andthenextendedto the associatedsheaves(by regarding
the sheaves~ as DR~1~,this correspondsto the wedgeproductof
relativeforms).If k’ = m— k, by composingthemorphism(2.6)with fiberwise
integration,oneobtainsa pairing

~ ®cy Rm_kTh~it_iC~—~ Cy, (2.7)

whichis non-degenerate,as onecanshowfor instanceby restrictingto the stalks.
In that case,the pairing (2.7) reducesto

Hk(X~,it_lCy)®(c~)~Hm~(X~,it_lC~)“ (Cy)Y. (2.8)

~ This is expressedby the equality fX/y(~*f)w= f fx/Y W.
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Sinceit~Cv~xyis the constantsheaf(Cy)Y, from the universalcoefficient theo-
rem onehasHk(Xy,it_lCy) Hk(Xy,C) ®c (Cy)~,so that (2.8) is thepairing

H”(X~,C)®cH (X~,C)®c (Cy)y . (Cy)y,

which is the (Cy)~-bilinearextensionof the Poincaréduality on the fiber X,,
andis thereforenon-degenerate.

2.4. RELATIVE DUALITY FOR ANALYTIC FAMILIES

Givena complexanalyticfamily it: (X, Ox) —~ (Y,0y), onecan introducea
relativeSerreduality,which we would like to recallwithoutprovidinganyproof
(cf. refs. [9,10,151).Assumethat thefamilyhasrelativedimensionn, denoteby
Kx/y the sheafof relativeholomorphicn-forms,andlet M and.N be coherent
Ox- andOy-modules,respectively;then,denotingby R the operationof taking
the derivedfunctor, thereis a canonicalisomorphismof Oy-modules,

Ri-tom0~(Rit~M,.i’f)Rit~Ri-1omo~(M,Kx/y(—n) ®~ ~f).

Onehasthena convergentspectralsequence

SPLi = Ext~,~(R’~it~M,.iV)~p+q = Ext~’
7(M,icx/y®oy.Af),

so that thereis a naturalmorphism#2

= ~ —~E~= Ext~(M,Kx/y®c~~~V).(2.9)

Forq = 0, onededucesanisomorphism7-tom ~ (R’~it~M,.,V) it~i-Iom0,~,.(M,
Kx/y ®Qy A~)for arbitraryM and.iV, andoneobtainsin particular

R’~it*1Cx/y (it,~Ox)v

(OyY’ —~Oy, (2.10)

whereV denotesthe dualmodule.Thesecondisomorphismdependson it having

universallyconnectedfibers,while the first doesnot.

3. Relativetheory of line bundles

3.1. PICARD SHEAF AND RELATIVE PICARD GROUP

The notionof relativePicardgroup, in the sensewe aregoingto employ it, has
beenintroducedby Grothendieck,both in the algebraic [71andanalytic case
[8]. We would like to discussthat conceptin the caseof a family of complex
manifolds, by making explicitly all the assumptionsvalid in that framework.

~2 This morphismis clearlybijective for anyM whenever.iV is a coherentinjectivesheaf,or for

any .A/ if all higher direct imagesR’~r~Mare locally free.



260 U. BruzzoandJ.A. DomInguezPerez/ Line bundlesover Riemannsurfaces

Our aim is to classify“families of line bundles”over the fibersof the morphism
it : (X, Ox) —+ (Y, Oy), wheresuch “families” are, speakingheuristically, col-
lections of line bundles,one on each fiber of it, with a certain compatibility
condition. In orderto do that, it is quite natural,on the analogyof what hap-
pensin the absolutecase,to considera “relative cohomology”of the sheafO~
of invertible sectionsof Ox. This relativecohomologyis of courseprovidedby
the higherdirect imagefunctorR’it~.

Definition 3.1.The Picardsheafof the family it: (X, Ox) —p (Y, Oy) is the sheaf
R’it~O~j~.

The group F ( Y, R’ it~O~)is the (restricted) relative Picard group Pic (X/ Y)
(cf. Grothendieck[8]); if Y = {y }, thegroupPic(X/ Y) reducesto theordinary
PicardgroupPic(X) ofX. In thegeneralcase,theelementsin the relativePicard
groupcanbe, accordingto theintuitive descriptionreportedabove,interpreted
as follows (this brief discussionis takenfrom ref. [8]). The sheafR1it~O~is
associatedwith the presheafV H’ (it’ (V), O~) Pic(it 1(V)) [group
of isomorphismclassesof line bundlesover it~’ (V) 1. The specificationof an
elementof Pic(X/ Y) is equivalentto the assignmentof anopencover{ V,} of Y
andacollectionof line bundles{L~},eachdefinedover it1 (V

1), suchthat for
all pairs i, j, the bundles£i~f(vflv) and£jIf~(vflv)arelocally isomorphic
relative to V, n J/~,in the sensethatanyy E ~ n J~,hasan openneighborhood
W c l’~n J’, suchthat

The fact that Oy it~Ox, togetherwith the Lerayspectralsequencefor the
morphismit, gives rise to an exactsequence

0 Pic(Y) Pic(X) ~ Pic(X/Y).

Onedenotesby [L] the imageof an isomorphismclassL E Pic(X) under 5.
The morphism~ is in generalnot surjective,unlessit admitsa global section.
Moreover,~ is functorial, in the following sense.

Proposition 3.2. Givenamorphismofcomplexanalyticfamiliesf: (X’/ Y’) —~

(X/Y), thereis a commutativediagram

Pic(X) ~ Pic(X/Y)

(3.1)

Pic(X’) Pic(X’/Y’)

Proof It follows from the functoriality of the Leray sequence[11].
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The morphismft : Pic(X) —f Pic(X’) is actually inducedby the inverse
imageof sheavesof Ox-modules.In the particularcasewherethe morphismis
the immersionof a fiber, i : (X~-/{y}) ‘—~ (X/ Y), the diagram(3.1) andthe
identificationPic(X~/{y}) Pic(X

1,) entails [.C]~ L~,,where [L]~ isthestalk
aty of the section [L] E Pic(X/Y), and~ E Pic(XY) is the line bundleI~=

~ ®(OY)y k(y) ~ ®OxI~O~,.

Definition 3.3. The relativeChernclassc1 ().) of a section)~of therelativePicard
sheafR’ir~Oj~of the family it : (X,Ox) —* (Y,Oy) is minusits imagevia the
sheafmorphism

R
1it~O~—+ R2it,2 (3.2)

inducedby the exactsequence
exp2si *

0x~0. (3.3)

From (3.2) one obtainsa morphismc
1 : F(Y,R’it~O~) —+

which we call Chernclass as well; in the caseY = {y}, thismorphismreduces
to the ordinary Chernclassc, : Pic(X) —* H

2(X,l).

Proposition3.4. Thereis a commutativediagram

Pic(X) ~‘ Pic(X/Y)

ciI IC . (3.4)

H2(X,Z) H°(Y~R2it~Z)

Proof It follows from the definition of Chernclass.

Proposition3.5. Given a morphismofcomplexanalyticfamiliesf: (X’/ Y’)
(X/Y), there is a commutativediagram

Pic(X/Y) ~ Pic(X’/Y’)

cil Ic . (3.5)

F(Y,R2it~7L) F(Y’,R2ir’2)

ProofOne considersthe commutativediagram

0 1 f’Ox exp2,ri f’0~. 0

I I
_______ _______ exp2ri * ______

0 Ox’ ) 0x’ >0
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by applyingthe higherdirect imagefunctorandtakingglobal sectionsonecon-
cludes.

From (3.5) appliedin the caseof the immersionof a fibre i : (X3,/{y}) ‘—i

(X/Y), onehasan identification (c, ([L] ) )~ c1 (LY) for eachelement[C] E

Pic(X/Y).

If it : (X, Ox) —p (Y, Oy) isa family of Riemannsurfaces,theChernclassc1
R’it~O~—~ R~it>,Zcan be consideredasa sectionin R

2it~C,dueto the following
result.

Proposition3.6. For afamily ofRiemannsurfaces,the natural injection 1 ‘—> C
inducesan immersion

R2it~l‘—> R2it~C,

sothatF(Y,R2it~Z)‘—*F(Y,R2it~C).

Proof It is enoughto provethat foranyy E Y the morphisminducedon thestalks
(R2it~l)~—f (R2it~C)~—thatis, the morphism H2(X~,l) —~ H2(X~,C)—is
injective.This follows from the commutativediagram

H2(X~,7L) H2(X~,C)

I I (3.6)

1 C

wherethe verticalarrowsarethe Poincaréduality isomorphisms,which can be
realizedin H2 (Xv,C) in termsof the integral overX~.

3.2. RELATIVE FLATNESS

We wish to generalizeto the relativesituationthe well-known fact that a
holomorphiclinebundleon aRiemannsurfaceis flat if andonly if its Chernclass
vanishes.We recall thata line bundleover an n-dimensionalanalyticmanifold
(X, Ox) is saidto beflat if its transition functionsover a suitable trivializing
open cover can be chosenso as to be locally constant.Equivalently, on can
considerthe immersionC* ~ O~,andthen (the isomorphismclassesof) flat
bundlesarethe elementsin the imageof the inducedmorphismH’ (X,Ct)
H’ (X,Ok). In thecaseofafamily of analyticmanifoldsit: (X, Ox) > (Y,Oy),

the “relative constants” (in the sensethat their relativedifferential vanishes)
arethe sectionsof it1 Oy, which suggeststhe following definition.
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Definition 3.7. A sectionof the relativePicardsheafR’it~O~of the family it

(X, Ox) —~ (Y, Oy) is saidto beflat if it lies in the imageof the morphism

~ (3.7)

inducedby it’O~. ‘—> O~.

Theorem 3.8. Let it : (X, Ox) —+ (Y, Ok.-) be afamily ofRiemannsurfaces.Any
y E Y hasan open neighborhoodV such that a section).e F(~R’it~O~)has
vanishing relative Chern class if andonly if it is flat.

Proof If K~/y denotesthe sheafof relativeholomorphicone-forms,onehasa
commutativediagram

0

I
PCx/y

I
0 1 > Ox ~ 0

I I
0 1 it’Oy ~ 0

Applying the higherdirect imagefunctor,one obtains

R2it*Ox

I
R2it,, it -10

(‘I
R’it~icx/y

I
R’it*Ox ‘ R’it~O~~. C

1 R
2it~l R2it~Ox

I I T
R’it~m’O~ I R’it~it’O~, I R2ir

11 ‘~ R
2ir*it’Oy

(3.8)
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The relativedimensionof the family it : (X, Ox) —~ (Y,Oy) being 1, onehas
R2it*Ox = 0. If we prove that~ is bijectiveand/3 is injective,diagram (3.8)
yields

0

I
R’it*Ox R’it~O~ C> R2it~l 0 ; (3.9)

I I
R’it~it~Oy R’it*it~O~~ 0

the two lines of this diagramare exact,which implies our claim. Thus, the

theoremreducesto the following two lemmas.

Lemma 3.9. Theepimorphismc~: R1it*Kx/y —~ R2it~it’Oy is actually an iso-
morphism.

Proof From eq. (2.10) one has R’ir*Icx/y Oy. Besides,(R2it*it’Oy)>~
H2(X~,it~’O~) H2(Xy, (OY)y),sinceit’Oy~~is theconstantsheaf(Oy)y,

andfrom the universalcoefficienttheoremonehas(R2it,, it1Oy )~ H2 (X’,,C)

®c (Oy)y (Oy)y. Taking the quotient by the maximal ideal one gets an
isomorphism~ : C —* C, andby Nakayama’slemmaoneconcludes.

Oneshouldremarkthat this resultdependscritically on it havinguniversally
connectedfibers.

Lemma 3.10. The morphism/3: R’it~l—~ R2it~it1Oyis injective.

Proof It is enoughto prove that for anyy E Y the morphisminducedon the
stalk, /3 : (R2it~Z)

5—* (R
2it*it’Oy)y, is injective. A computationsimilar to

thatof the previouslemmaenablesus to write this morphismas

/3: H2(X~,l)—~ H2(X~,,C)®c (Oy)v,

which canbe identifiedwith the cohomologymorphisminducedby 1 ‘—> (Oy ~
C®~(0Y)Y’ m >.-~ m ® 1. Thenthe claim follows from diagram (3.6). E

3.3. GAUSS-BONNET THEOREM FOR FAMILIES

Let (X, Ox) be a complexanalytic manifold, andlet C be a line bundleon
it. It is aclassicalresult that c

1 (C) = (i/2it) [K], where [K] is the de Rham
cohomologyclassofa (smooth)curvatureform K on C. If (X, Ox) is a compact
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Riemannsurface,the isomorphismfx : H2 (X,C) ~ C allows one to express
this result in the form c

1 (C) = (i/2it) fx K (Gauss—Bonnettheorem).If it

(X,Ox) —p (Y~Oy)isafamilyofcomplexmanifolds,andit:(X,Cx) —f (Y,Cy)

isthe underlyingreal family, theprojectionp : —* Q~./ybetweenthe sheaves
of smoothtwo-forms inducesa morphismp : H

2 (X, C) —~ F (Y,DR~.
1~), and

onehasan identificationp (c, (C)) = (i/2it)p ([K I). By applyinglemma2.3
andpropositions3.4 and3.6, one deduces

c,[C] = (i/2it)[p(K)] EF(Y,DR~/y), (3.10)

where c1 [C] e F(Y,R
2it~C)is regardedas a section in F(Y,R2it~it~’Cy)

F(Y,DR~~~
1~).The relativetwo-formp(K) E [(1’, it*Z~./y) = F(X,4/y) can

beinterpretedas a “relativecurvature”in the following way.

Definition 3.11. Given a family of complexmanifolds it : (X,Ox) —+ (Y,Oy)

andaline bundleC over (X, Ox), let Q~/ybethesheafofrelativedifferentialsof
the underlyingrealfamily; a (smooth)relativeconnectionoverC is a morphism
of C-modules

VrC~Q~/y®oxC (3.11)

which satisfiesthe Leibniz rule Vr(f a) = drf ® a+ fVr(U).

The projectionof ordinarydifferentialsonto relativedifferentialsallows one
to regardanyrelativeconnectionas inducedby an ordinaryconnection.

Lemma 3.12. ForanyrelativeconnectionV,. on C thereis an ordinary connection

V suchthat thefollowingdiagramcommutes:

C

(3.12)

�
4/Y ®Ox C

ProofFix aconnectionV0 on C, andlet V~bethecorrespondingrelativeconnec-
tion, V~= (p ® Id)V°.For anyrelativeconnectionVr let cv bea counterimage
of V,. — V~underp ® Id. ThenV = V0 + cv is the desiredconnection.

We extendV,. toa morphismQ~/~ C Q~/y ®OxC by letting Vr (w®a) =

drW ® a — WA Vr(a).

Definition 3.13. The curvatureK,. of a relative connectionVr over C is the

morphismof C-modules

KrV~:C*Q~/y®o~C. (3.13)
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By construction,if K is the curvatureof the ordinaryconnectionV over C
which inducesV,., onehasKr = (p ~Id) o K. In particular, K,. is an Ox-linear
morphism,andthereforeit determinesaglobal sectionK,. of ~ By eq. (2.1)
Kr is also closedunder the relative differential, andthen Kr E F(Y, it~Z~1~).

Theprojection [K,.] = [p(K)] = p([K]) ~ F(Y,DR~/y)doesnot dependon
the relativeconnectionover C (because[K] doesnot), andfrom (3.10) one
concludesthat

c,[C] = (i/2it)[Kr] EF(Y,DR~1~). (3.14)

If it : (X, Ox) —# (Y,Oy) is a family of Riemannsurfaces,proposition2.5
yieldsthe identification [K,. I = fx1~. K,. E F (Y, Cy), which togetherwith (3.14)
provesa relativeGauss—Bonnettheorem.

Theorem 3.14. Let it: (X,Ox) —> (Y,Oy) beaj/.itnilyofRiemannsutfaces,C a
line bundleover(X, Ox)~let [C] be its imagein Pic(X/ Y), andKr thecurvature
ofanyrelative connectionover C; then

c,([C]) = (i/2it)f K,..
xlv

Corollary 3.15. Assumethat ç5 : PicX —* Pic(X/Y) is surjective, and let). E
Pic(X/Y). Thenc1 ~) = (i/2it) fX/Y K,., where K,. is the curvature of a relative
connection on any line bundle on (X, Ox) whose itnage in Pic(X/Y) is).. fl

We would like to expresswarm thanks to C. Bartocci and D. Hernández
Ruipérezfor their contributionto the initial stageof this work. We also thank
D. HernándezRuipérezand J. Muñoz Porrasfor enlighteningcommentson
relativeduality.
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